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Abstract Let f : E ^ B be a fibration of fiber F. Eilenberg and Moore 
have proved that there is a natural isomorphism of vector spaces between 
H*iF;¥p) and Tor'^''-^\C*{E),¥p). Generalizing the rational case proved 
by Sullivan, Anick [2] proved that if A is a finite r-connected CW-complex 
of dimension < rp then the algebra of singular cochains C*{X;¥p) can 
be replaced by a commutative differential graded algebra ^(A) with the 
same cohomology. Therefore if we suppose that /: i? '-^ _B is an in- 
clusion of finite r-connected CW-complexes of dimension < rp, we ob- 
tain an isomorphism of vector spaces between the algebra H*(F;¥p) and 
Tor^(^)(A(£;),Fp) which has also a natural structure of algebra. Extend- 
ing the rational case proved by Grivel-Thomas-Halperin [13, 15], we prove 
that this isomorphism is in fact an isomorphism of algebras. In particular, 
H*{F; ¥p) is a divided powers algebra and p*'' powers vanish in the reduced 
cohomology H*{F;¥p). 
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1 Introduction 

Let / : £J — » be a fibration of fiber F with simply connected base B. A 
major problem in Algebraic Topology is to compute the homotopy type of F . 

In 1966, S. Eilenberg and J. Moore [9] proved that the cohomology of F with 
coefficients in a field k, denoted H*{F; k) , is entirely determined, as graded vec- 
tor spaces by the structm-c of C*(i?; k) -module induced on C*{E;k) through 
/.(Here C*( — ;k) denotes the singular cochains.) More precisely, they gener- 
alize the classical notion of derived functor "Tor" to the differential case and 
obtain a natural isomorphism of graded vector spaces 



H*{F) ^ Tov^'^^\C*{E),k). 
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In the rational case, C*{X;Q) is equivalent to a commutative cochain algebra 
Api^lX) [23, 12] which carries the rational homotopy type of X . Moreover, 
the Eilenberg-Moore isomorphism is induced by a quasi-isomorphism between 
Apl{F) and a commutative cochain algebra A constructed from Apl{B) and 
Apl{E). In particular, the Eilenberg-Moore isomorphism is an isomorphism of 
graded algebras. 

In general, the Eilenberg-Moore isomorphism does not give the multiplicative 
structure of H*{F;k). However the main result of this paper asserts that for 
char Ik "sufficiently large " , the Eilenberg-Moore isomorphism is an isomorphism 
of graded algebras with respect to a natural multiplicative structure on Tor. 

Wc now give the precise statement of our main result: 

Over a field Ik of positive characteristic p, Anick [2, Proposition 8.7(a)] proved 
that if X is a finite r-connected CW-complex of dimension < rp, the algebra 
of singular cochains C*{X) is naturally linked to a commutative differential 
graded algebra A{X) by morphisms of differential graded algebras inducing 
isomorphisms in homology. Therefore if we suppose that f : E ^ B is an 
inclusion of finite r-connected CW-complexes of dimension < rp, we obtain 
the isomorphism of graded vector spaces 

Tor^*(-^)(C*(£;),k) ^ ToT^^^\A{E),k). 

Thus the Eilenberg-Moore isomorphism becomes 

H*{F-k) ^ Toi'^^^\A{E),k). 

Now since A{B) and A{E) are commutative, Tor^^^\A{E),k) has a natural 
structure of algebra. We prove 

Theorem A Assume the characteristic of the field k is an odd prime p and 
consider an inclusion E ^ B of finite r-connected CW-complexes (r > 1) of 
dimension < rp. Then the Eilenberg-Moore isomorphism 

H*{F;k) ^ Tor^(^)(^(£;),k) 

is an isomorphism of graded algebras. 

As corollary of this main result, we obtain 

Theorem B (8.7) Let p be an odd prime. Consider the homotypy fiber F 
of an inclusion of finite r-connected CW-complexes of dimension < rp. Then 
the cohomology algebra H*{F;¥p) is a divided powers algebra. In particular, 
p*'^ powers vanish in the reduced cohomology H*{F;¥p) . 
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In fact, Theorem A is a consequence of the model theorem (Theorem 4.2) which 
establishes, for any fibration F ^ E ^ B , the existence of a coalgebra model 
up to homotopy of the 0£'-fibration 



Approaches concerning the general problem of computing the cohomology al- 
gebra of a fiber, different from our model theorem, are given in [8] and in [22]. 
We would like to express our gratitude to N. Dupont and to S. Halperin for 
many useful discussions and suggestions which led to this work. We also thank 
the referee for significant simplifications. This research was supported by the 
University of Lille (URA CNRS 751) and by the University of Toronto (NSERC 
grants RGPIN 8047-98 and OGPOOO 7885). 

2 The two-sided bar construction 

We use the terminology of [11]. In particular, a quasi- isomorphism is denoted 
^ . Let A be an augmented differential graded algebra, M a right A-module, 
N a left ^-module. Denote by di the differential of the complex M(S)T{sA)®N 
obtained by tensorization, and denote by sA the suspension of the augmenta- 
tion ideal A, {sA)i = A^-i . Let be the degree of an element x in any graded 
object. We denote the tensor product of the elements m E M, sai E sA, ... , 
sofe G sA and n G by m[sai| ■ ■ ■ |,safc]n. Let ^2 be the differential on the 
graded vector space M (g) T{sA) N defined by: 

d2m[sai\ ■ ■ ■ \sak\n = (— l)'"*'mai[sa2| ■ ■ ■ Isa^jn 



Here Si = \m\ + \sai \ -|- • • • -|- |sai| . 

The bar construction of A with coefficients in M and N, denoted B{M; A; N) , 

is the complex {M(S)T{sA)^N, di+d2) ■ We use mainly B{M; A) = B{M; A; k) . 
The reduced bar construction of A, denoted B{A), is B{k;A). 

Let B be another augmented differential graded algebra, P a right S-module 
and Q a left i?-modulc. Then we have the natural Alexander- Whitney mor- 
phism of complexes ([19, X.7.2] or [7, XI.6(3) computation of the V product]) 



Q,E nB 



F. 



k-l 




AW : B{M (^P;A^B;N(^Q) ^ B{M; A; N) ® B{P; B; Q) 
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where the image of a typical element m (8) p[s{ai <8) &i)| • • • |s(cife (8) bk)]n ^ q is 



k 



^{-l)'^'m[sai\ ■ ■ ■ \sai]ai+i ■ ■ ■ akn®phi ■ ■ ■ 6i[s6i+i| • • • \sbk]q. 



1=0 



Here Q = (\p\ + Wj\ + \\p\ + 

j=i \ 1=1 J \ j=i 



\n\ 



k i-1 

+ Yl (i-OI«jl + (^--OI"l + Nbl + IZ(^--?')l^il- 

j=i+l j=l 

Property 2.1 If there exist a morphism of augmented algebras Aa : A 

A(SiA and morphisms of A-modules Am : M ^ M ® M , : M ^ k, Ajv : 
N ^ N ®N , ejv:iV^Ik then B{eM;SA;SN) ■ B{M;A;N) B{k;k;k) = k 
is an augmentation for B(M;A;N) and the composite 

B{M; A; N) ^(^^'^^'^^), ^{M ® M; A A; N ® N) 

^ B{M; A; N) ® B{M; A; N) 

is a morphism of complexes. In particular, if A is a differential graded Hopf 
algebra and if M and N are A-coalgebras then B{M; A; N) is a differential 
graded coalgcbra. This coalgebra structure on B{M; A; N) is functorial. 

Property 2.2 Moreover, if M is A-scmifrcc (in the sense of [11, §2/j then 
B{M; A; N) ^ M ®a N is a quasi-isomorphism of coalgebras. 

Theorem 2.3 ([11, 5.1] or [18, Theorem 3.9 and Corollary 3.10]) Let p : 
E B be a right G-hbration with B path connected. Then there is a natural 
quasi-isomorphism of coalgebras 

B{C,{E)-C,{G))^C,{B). 

Corollary 2.4 Let f : E B be a continuous pointed map with E and B 
path connected. If its homotopy fiber F is path connected, then there is a chain 
coalgebra G{f) equipped with two natural isomorphisms of chain coalgebras 

C^F) ^ G{f) ^ B{C4nB);C4nE)). 

This Corollary proves that the cohomology algebra H*{F) is determined by 
the Hopf algebra morphism C*(n/) : C^,{^E) — > C*(OS). This is the start- 
ing observation of our paper. In the next section, we extend Property 2.1 to 
Hopf algebras and coalgebras up to homotopy: i.e. we do not require strict 
coassociativity of the diagonals. 
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3 Hopf algebras and coalgebras up to homotopy 



Let f , g : A ^ B he two morphisms of augmented differential graded algebras. 
A linear map h : A ^ B (lower) degree +1 is a homotopy of algebras 
from f to g denoted h : f 9 ^sh = 0, hd + dh = f — g and h{xy) = 
h{x)g{y) + (— for x,y ^ A. The symbol w will be reserved to the 
usual notion of chain homotopy. 

A (cocommutative) coalgebra up to homotopy is a complex C equipped with a 
morphism of complexes A : C ^ C (g) C and a morphism e : C ^ k such that 
(e ig) 1) o A = 1 = (1 e) o A (strict coimitary), (A 1) o A « (1 (g) A) o A 
(homotopy coassociativity) and r o A ~ A (homotopy cocommutativity) . Here 
T{x0y) = (— (g)x. Let C and C" be two coalgebras up to homotopy. A 
morphism of complexes / : C — > C" is a morphism of coalgebras up to homotopy 
if A/ « (/ ® /)A and £ o / = £. 

A ( cocommutative ) Hopf algebra up to homotopy is a differential graded algebra 
K equipped with two morphisms of algebras A : K ^ K CS) K and e : K ^ k. 
such that (e «g) 1) o A = 1 = (1 e) o A, (A «) 1) o A (1 «) A) o A and 
r o A «a A . Let K , K' be two Hopf algebras up to homotopy. A morphism 
of augmented differential graded algebras f : K ^ K' is a, a morphism of Hopf 
algebras up to homotopy if A/ (/ (g) /)A. 



Lemma 3.1 Suppose (p ■ ^ ^ A' and ^ Ki^ ^' : M M' via 

algebraic homotopics h and h' , with ip, ip' , , ^' morphisms of augmented 
chain algebras. Let f : A ^ M and g : A' ^ M' be two morphisms of 
augmented chain algebras such that ^ o f = g o tp and o / = g o cp' . We 
summarize this situation by the "diagram" 

h:tpaia<p' 

A A' 



M 



M' 



Ifh'of 



goh (naturality of the homotopies) then the morphisms of augmented 

are chain homotopic. 



chain complexes B{^;ip) and B{^';ip' 



Proof The explicit chain homotopy between B(^\ ip) and B{^'] ip') is given 
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by 

9(m[sai| . . . \sak]) = h' {m)[sip' {ai) \ . . . \s(p'{ak)] 
k 

- ^(-l)^*-'*(m)[s<^(ai)| . . . \sip{ai-i)\sh{ai)\sip' {ai+i)\ . . . \sip'{ak)\ 

1=1 

Recall that ej_i = |m| + \sai ! + ••• + |sai_i | . Since G is just the chain homotopy 
obtained by tensorization, 

die + edi = 5' T{sip) - (8) T{sip'). 

It remains to check that ^2© + 0<^2 = 0. □ 



Prom Lemma 3.1, one deduces: 



Lemma 3.2 (i) Let K (respectively C) be a Hopf algebra up to homotopy, 
coassociative up to a homotopy hassocK (respectively hassocC )■ (A (g) 1) o 
A ~a (l(8iA)oA and cocommutative up a homotopy hcomK (respectively 
hcomC )'■ T o A A. Let f : K ^ C be a morphism of augmented 
algebras such that Ac/ = (/ 8) fJAx, hassoccf = if ^ f ® f)hassocK 
and hcomcf = (/ ® f)hcornK (f Commutes with the diagonals and the 
homotopies of coassociativity and cocommutativity). Then B{C; K) with 
the diagonal 

B{C; K) ^^^^'"^^^ B{C ®C-K®K)^ B{C; K) B{C; K) 

is a (cocommutative) coalgebra up to homotopy. 
(ii) Suppose given the following cube of augmented chain algebras 



K 



K' 




C 



K®K 





K' ®K' 



C®C 



c 
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where all the faces commute exactly except the top and the bottom 
ones. Suppose that the top face commutes up to a homotopy htop '■ 
(if (g) ~a ^K'V s^c? the bottom face commutes up to a homotopy 

hottom ■ (*«)*)Ac ~a Ac* such that hbottomf = {9^g)htop- Then the 
morphism of augmented chain complexes B{^; if) : B{C; K) B{C'; K') 
commutes with the diagonals up to chain homotopy. 



4 The model Theorem 



Let X be a graded vector space. We denote a free chain algebra (TX, d) simply 
by TX except when the differential d can be specified. In particular, a free 
chain algebra with zero differential is still denoted by {TX, 0) . 

Let /:£'—>■ 5 be a map between path connected pointed topological spaces 
with a path connected homotopy fiber F . Then there is a commutative diagram 
of augmented chain algebras as follows: 



TX 



m{f) 



mx 



(4.1) 



TY 



rriY 



where TX , TY are free chain algebras, mx , my are quasi- isomorphisms and 
m{f) : TX ^ TY is a free extension (in the sense of [11, §3]). 



Theorem 4.2 With the above: 

(1) TX (respectively TY ) can be endowed with an structure of Hopf alge- 
bras up to homotopy such that mx (respectively my ) commutes with the 
diagonals up to a homotopy hx (respectively hy ) and such that the diag- 
onal of TY extends the diagonal of TX , the homotopy of coassociativity 
of TY extends the homotopy of coassociativity of TY , the homotopy 
of cocommutativity of TY extends the homotopy of cocommutativity of 
TX and hy extends (C^Qf) ^ C*{nf))hx ■ 

(2) B{my; mx) : B{TY; TX) ^ B(C^{Q.B);C^{Q,E)) is a morphism ofcoal- 
gebras up to homotopy. 

(3) The homology of the coalgebra up to homotopy TY ®tx 1^ is isomorphic 
to H^{F) as coalgebras. 
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It is easy to see that the isomorphism of graded coalgebras between H^{TY i^tx 
k) and H^{F) fits into the commutative diagram of graded coalgebras: 

^*(^^) -id^ ^*(^^) 



where d : QB ^ F is the inclusion UBx* C PBxbE and q : TY ^ TY®tx^ 
is the quotient map. 

The exact commutativity of the diagram 4.1 is not important. If the diagram 
commutes only up to homotopy, since m(/) is a free extension, using the lifting 
lemma [11, 3.6], we can replace my by another my which is homotopic to it, so 
that now the diagram strictly commutes. On the contrary, it is important that 
m{f) is a free extension. We will show it in Section 5. Indeed, the general idea 
for the proof of part 1. is to keep control of the homotopies using the homotopy 
extension property of cofibrations. 

Proof of Theorem 4.2 1. By the lifting lemma ([4, 1.7 and 11.1.11=11. 2. 11a)] 
or [11, 3.6]), we obtain a diagonal Atx for TX such that the following diagram 
of augmented augmented chain algebras commutes up to a homotopy hx '■ 

TX — ^ — - c.im 



Atx 



TX®TX CjnE)0CjnE) 

mx^rax 

Moreover, since C*(Oii^) is a differential graded Hopf algebra which is cocom- 
mutative up to homotopy [2, Proposition 7.1], by the unicity of the lifting ([4, 
II. 1.11c)] or [11, 3.7]), Atx is counitary, coassociative and cocommutative, all 
up to homotopy. The diagonal Atx can be chosen to be stricly counitary [2, 
Lemma 5.4]. So TX is an Hopf algebra up to homotopy. 

By the naturality of the lifting lemma with respect to the inclusion m(/) : 
TX ^ TY [11, 3.6], we may put a diagonal on TY , A^y extending the 
diagonal on TX and there exists a homotopy /ly between (my (8)my)ATy and 
A(^^(QB)my extending C^:{Qf)^'^hx ■ Again the diagonal on TY can be chosen 
to be counitary and so TY is also a Hopf algebra up to homotopy. 

We give now a detailed proof that Atx is cocommutative up to a homotopy 
hcomX and that ATy is cocommutative up to a homotopy hcomY extending 
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hcomX ■ Since the diagonal on C^{^IE) is cocommutative up to a homotopy 
hconiE-, by the unicity of the hfting ([4, II. 1.11c)] or [11, 3.7]), I^tx is cocom- 
mutative up to a homotopy hcomX ■ More precisely, hcomX is such that in the 
diagram 

(Atx,i"Atx) ^„ 
TX U TX TX®2 



(io,w) 



mx 



ITX 



hx -hcomE°mx -rhx 

where ITX is the Baucs-Lcmairc cylinder ([11, 3.5] or [4, 1.7.12]), the upper tri- 
angle commutes [4, II. 1.11a)] and the lower triangle commutes up to a homotopy 
relative to TXHTX [4, II. 1.1 lb)]. Now, since the homotopy of cocommuta- 
tivity of C*{Q.B) is natural [2, (23)] and the sums and negatives of homotopies 
are canonically defined [4, II. 17.3], the homotopy hx — hcomE ° ^x — ^hx is 
extended by hy — hcomB orny — rhy ■ Therefore, by push out, we obtain a mor- 
phism ITXVJTxuTx {TYnTY) TY^^ extending m{f y^''^oh^^rnX, ^ty and 
tAty ■ The following square of unbroken arrows commutes up to homotopy: 



ITX Utxutx {TY UTY) 



(/(m(/)),io,ii) 



ITY 



hy —hcomBorriY —Thy 

Using again the naturality of the lifting lemma [11, 3.6], we obtain the homotopy 

of cocommutativity of TY , hcomY ■ A similar proof shows that the homotopy of 
coassociativity on TY can be chosen to extend the homotopy of coassociativity 
on TX . So finally, the whole structure (homotopies included) of Hopf algebra 
up to homotopy on TY extends the structure on TX (Compare with the proof 
of Theorem 8.5(g)[2]). 

2. Now Lemma 3.2 says exactly that part 1. implies part 2. 

3. Since TX ^ TY is a semi-free extension of TX-modulcs (in the sense of [11, 
§2]) and by Property 2.2, the quasi- isomorphism of augmented chain complexes 

B{TY; TX) ^ TY ®tx ^ 
commutes exactly with the diagonals. 

Since B{TY; TX) ^ TY 0tx^ is a diagonal preserving chain homotopy equiv- 
alence, the diagonal in TY ®tx k is homotopy coassociative and homotopy co- 
commutative. By Corollary 2.4, C^{F) is weakly equivalent to B{C^^B\ C^^^E) 
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as coalgebras So part 2. implies that the coalgebra H^{TY<Sitx^) is isomorphic 
to H^{F). □ 



5 The fiber of a suspended map 

Let C be a coaugmented differential graded coalgebra. Consider the tensor 

algebra on C, TC, equipped with the differential obtained by tensorisation. 

Ac — — 

The composite C ^ C ® C ^ TC ® TC extends to an unique morphism of 

augmented differential graded algebras 

The tensor algebra TC equipped with this structure of differential graded Hopf 

algebra, is called the Hopf algebra obtained by tensorization of the coalgebra C 
and is denoted TAC in this section. 

Lemma 5.1 Let X be a path connected space. Then there is a natural quasi- 
isomorphism of Hopf algebras TAC*(X) ^ C*(J7SX). 

Proof The adjunction map ad induces a morphism of coaugmented coalge- 
bras C^ad) : C^X) C^{nT,X). By universal property of TAC*(X), C^ad) 
extends to a natural morphism of Hopf algebras. By the Bott-Samelson Theo- 
rem [17, appendix 2 Theorem 1.4], it is a quasi-isomorphism, since the functors 
H and T commute. □ 

Theorem 5.2 Let f : E ^ B be a continuous map between path connected 
spaces. Let F be the homotopy fiber of S/. Then C\{F) is naturally weakly 
equivalent as coalgebras to B[TAC:^{B);TAC^{E)) . In particular, the algebra 
H* (F) depends only of the morphism of coalgebras C* (/) . 

Proof This is a direct consequence of Lemma 5.1, Corollary 2.4 and Prop- 
erty 2.1. □ 

Consider the homotopy commutative diagram of chain algebras. 



{TH+{E),0) -—-^ TAC4E) 



TH+U) 



TAC,(/) (5.3) 



{TH+{B),Q) TAC.(5) 
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where mx and my induce the identity in homology. 



When H^{f) is injective then TH^{f) is a free extension and we may choose 
niY so that the diagram (5.3) commutes. Thus Theorem 4.2 appUes. The 
structures of Hopf algebra up to homotopy on TH^{E) and TH^{B) given 
by part 1. of Theorem 4.2 are the structures of Hopf algebra obtained by 
tensorization of the coalgebras H^{E) and H^{B). Part 3. of Theorem 4.2 
claims that we have the isomorphism of graded coalgebras 



(5.4) 



If H^{f) is not injective, this is not true in general: the algebra H*{F) does 
not depend only on the morphism of coalgebras -&*(/)• Indeed, over Fp, take 

/ to be a map from S'^P-i to CFP-^ . Whatever is the map chosen, H^{f) : 
H^S'^P-^) H^{CFP-'^) is nuh. Let y2 be a generator of H^{F). If / is 
the Hopf map, there is a map : CP^ — > F such that the following diagram 
commutes 

/ 



ad 



C¥P- 



ad 



C¥P 



F 



Since H^{i>) is an isomorphism, 7/2 7^ 0- On the contrary, if / is the constant 
map then F w QSCP*'-^ x T,S'^P-^ and so yf = 0. 

Of course, the isomorphism of coalgebras (5.4) can be proved more easily with 
the Eilenberg-Moore spectral sequence applied to the fiEE'-fibration 



F. 



6 Proof of Theorem A 

We recall first the natural structure of algebra on the torsion product of commu- 
tative algebras. Let f : A ^ M , g : A ^ he two morphisms of commutative 
differential graded algebras. The composite 

Tor^(M,iV)(8)Tor^(M,7V) i Tor^®^ (M®M, TV® AT) ^or'^^Jaf'''^^ Tor^(M,7V) 

where T is the T product ([19, VIII. 2.1] or [7, XI. Proposition 1.2.1]), defines a 
natural structure of commutative graded algebra on Tor'^(M, A'^) ([19, Theorem 
2.2] or [7, XI.4 f\) product]). 
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Property 6.1 [16, A. 3] Suppose given a commutative diagram of augmented 
commutative differential graded algebras 



M 



A' 



M' 



wliere and ^ are quasi-isomorphisms. Then Tor^{'^,k.) : Tor^{M,k.) 
Tor^ (M',lk); is an isomorphism of graded commutative algebras. 



Property 6.2 [19, VIII. 2. 3] Consider a factorization f = poi where i : A ^ 
P is a morphism of commutative differential graded algebras such that P is 
an A-semifree module and p : P ^ M is a quasi-isomorphism of commutative 
differential graded algebras. The homology of the commutative differential 
graded algebra P (8>^ N, H^{P ®a N), is the graded commutative algebra 
Tor^{M, N). 



Using this Property, Theorem A given in the Introduction derives from the 
fohowing proposition: 

Let r > 1 be a integer. Let p be the characteristic of the field k (except when 
the characteristic is : in this case, we set p = +oo ) . We suppose now p j^2. 



Definition 6.3 [16] A topological space X is (r,p) -mild or in the Anick range 
if it is r -connected and its homology with coefficient in k is concentrated in 
degrees < rp and of finite type. 



Proposition 6.4 Let f : E ^ B be a continuous map between two topologi- 
cal spaces both {r,p)-mild with Hrp{f) injective. Consider the homotopy fiber 

F and the induced fibration po : F ^ E . Then there are two morphisms of 
augmented commutative cochain algebras, denoted A(f) : A{B) A{E) and 
A{po) : A{E) A{F) such that: 
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(1) There is a commutative diagram of cochain complexes 

C*{B) C*{E) C*iF) 



(2) 



Di{B) 



Di{E) 



Di{F) 



D2{B) 



D2{E) 



D2{F) 



A{B) 



e 



AiE) 



A{po) 



A{F) 



where all the vertical maps are quasi-isomorphisms and where all the maps 
are morphisms of augmented cochain algebras except Q : D2{F) ^ A{F) 
who induces a morphism of graded algebras only in homology. 
For any factorization A[f) = ^ o i where i : A{B) ^ C is a morphism 
of augmented commutative cochain algebras such that C is an A{B)- 
semifrec module and where $ : C ^ ^(^) ^'s a quasi-isomorphism of 
augmented commutative cochain algebras, there is a commutative dia- 
gram of augmented commutative cochain algebras 

Mf) ^(po) 



A{B) 



A{E) 



A{F) 




A{B) 



c 



In particular, the cohomology H* (F) , is isomorphic as graded algebras 
to the cohomology if*(k '^a{b) C) . 
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Over a field of characteristic zero, part (1) was proved by Sullivan [23] and part 
(2) is the Grivel-Thomas-Halperin theorem [1, 12]. 

The hypotheses of Theorem A are necessary: the space B must be (r,p)-mild. 
Indeed even for a path fibration i}X ^ PX ^ X , a commutative model of 
X does not determine the cohomology algebra of the loop space. The spaces 
ECP^ and 5^ V..VS'^^"'"^ have the same commutative model but the cohomology 
algebras of their loop spaces are not isomorphic. The map Hrp{f) must also be 
injective. Take the same example as in section 5: the suspension of the Hopf 
map S/ : ES^^-^ ^ ECP*'-^ 

Over a field of characteristic p, we can't improve Proposition 6.4, by "k(8)A(B) C 
is weakly equivalent as a cochain algebra to C*(-F)". For example, let X = 
iir(Z, 4)2p+3 be the 2p + 3 skeleton of a K{Z,4). The space X is (3,p)-mild 
and C*{nX) is not weakly equivalent as a cochain algebra to any commutative 
cochain algebra. Indeed, there exist two CW-complexes denoted Y and K{Z, 3) 
with the same 2p + 2 skeleton, respectively homotopic to QX and D,K{Z, 4) . 
The two morphisms of topological monoids 

^^(^2^+2)^^^^" and n{K{Z,3)2p+2) ^^K{Z,3) 

induce in homology two algebra morphisms which are isomorphisms in degree 
< 2p. Since H^{nK{Z,3)) ^ as algebras, nY is 1-connected, H2{nY) = 
¥pa2 and 02 = 0. Suppose C*{Y) is weakly equivalent as a cochain algebra 
to a commutative cochain algebra A. We can suppose that A is of finite 
type. The dual of A, denoted , is a cocommutative chain coalgebra. There 
is a quasi-isomorphism of chain algebras from the cobar construction of A"^ , 
denoted to C*(fiy). The Quillen construction on the coalgebra A^ 

is a differential graded Lie algebra, denoted Ca, such that UCa '■= 
[12, p. 307 and 315]. The homology of an universal enveloping algebra of a 
differential graded Lie algebra is isomorphic as graded Hopf algebras to the 
universal enveloping algebra of a graded Lie algebra [16, 8.3]: there a graded 
Lie algebra E equipped with the following isomorphism of graded algebras 

H^nY) ^ H^UjCa) = UE. 

By the Poincare-Birkoff-Witt Theorem [16, 1.2], H^iyiY) admits a basis con- 
taining ^2 ■ Thus is non zero. 

Proof of Proposition 6.4 By the naturality of Corollary 2.4 with respect to 
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continuous maps, we have a commutative diagram of coalgebras: 

CJpo) CJf) 

a{F) — — - c,{E) — — - a{B) 



G{f) 



G{E 



G{B 



(6.5) 



BC* (n f) 

BC^{nE) BC^QB) 



There is also a commutative diagram of augmented chain algebras [10, Theo- 
rem I] 



TX 

m{f) 

TY 



nc,{E) 



c^{nE) 



where denotes the cobar construction, TX is a minimal (in the sense of 
[5, 2.1]) free chain algebra and m(/) : TX ^ TY is a minimal free extension. 
Since the indecomposables functor Q preserves quasi-isomorphism between free 
chain algebras [5, 1.5], 

X ^ s-'^H+{E) and Y ^ s-^H+{E) s-^cokeriJ+(/) keriJ+(/). 

So X and Y are graded vector spaces of finite type concentrated in degree 
> r and < rp — 1. Denote by mx the composite TX ^ OC* (E) ^ C* (CIE) 
and by my the composite TY 3- nC^{B) ^ C^{nB). By Theorem 4.2, 
m(/) : TX ^ TY is an inclusion of Hopf algebras up to homotopy and 
Bimy; mx) ■■ B{TY- TX) ^ B{C^{nE); C^{Q,B)) is a morphism of coalgebras 
up to homotopy. 

By Anick's Theorem [2, 5.6], there exists a differential graded Lie algebra L{E) 
and an isomorphism if of Hopf algebras up to homotopy between the universal 
envelopping algebra of L{E), UL{E) and TX. By the naturality of Anick's 
Theorem with respect to Hopf algebras up to homotopy equipped with their 
homotopies ([20] D.33 and D.25, see also the proof of Theorem 8.5(g) [2]), there 
exists a differential graded Lie algebra morphism L{f) : L{E) L{B) and a 
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commutative diagram of chain algebras 



UL{E) 



UL{f) 



UL{B) 



TX 



TY 



where ip and are two algebra isomorphisms equipped with two homotopies 
of algebras 

htop •■ ® ip)AuL{E) ~a ^TX^ and hbottom ■ ® *)A;7L(B) Aty'S 

such that hottomU L{f) = {m{f) <^ m{f))htop 

{the horizontal arrows commute with the diagonals up to natural homotopies). 
By Lemma 3.2(ii), the isomorphism 

If) : B{UL{B); UL{E)) ^ B{TY; TX) 

commutes up to chain homotopy with the diagonals. We give the Cartan- 
Chevallcy-Eilenberg complex with coefficients [16, p. 242] C^{UL{B); L{E)) 
the tensor product coalgebra structure of UL(B) ® TsL{E) . The injection 
C^{UL{B);L{E)) ^ B{UL{B);UL{E)) is a quasi-isomorphism of coalgebras 
[11, 6.11]. By functoriality of the bar construction and of the Cartan-Chevalley- 
Eilenberg complex with coefficients, finally we get the commutative diagram of 
coalgebras up to homotopy 



B{C^{nB);C,{nE)) 
B(mY;mx) 

B{TY;TX) 



BCJ^f) 

BC^nE) BC*{nB) 



B{mx) 



B{m.Y) 



B{^;^) 

B{UL{B);UL{E)) 



C,{UL{B)-L{E)) 



B{TX) 



B{m{f)) 



B{TY) 



(6.6) 



B{UL{E)) ^^^^^^^\ B{UL{B)) 



C^L{E) 



C,L(f) 



C^L{B) 
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where all the coalgebras up to homotopy are counitary and coassociative ex- 
actly except B{TY;TX) , where all the morphisms commute exactly with the 
diagonals except B{mY','mx) and B{'if;(p), and where all the vertical maps 
are quasi-isomorphisms. Define A{f) to be C*L{f) : C*L{B) C*L{E) and 
Aipo) to be the inclusion C*L{E) ^ C* {U L{B); L{E) . By dualizing diagram 
6.5 and diagram 6.6, we obtain the diagram of 1. 

By the universal property of push out, there is a morphism of commutative 
cochain algebras 

C*{UL{B)-L{B)) ®c*(L{B)) C%L{E)) ^ C* {U L{B)- L{E)) 

which is an isomorphism since L{B) is of finite type. Recall that C ^ C*L{E) 
is a quasi-isomorphism of C*L(i?)-cochain algebras and that C*{UL{B); L[B)) 
is C*(L(B))-semifree. Set D3 = C*{UL{B); L{B)) ®c*l{b) C Then we obtain 
the quasi-isomorphism D:i ^ C* {U L{B); L{B)) (E)c*{l{b)) C*{L{E)). Symet- 
rically, recall that C*{UL{B); L{B)) ^ k is a quasi-isomorphism of C*L{B)- 
cochain algebras [11, 6.10] and that C is C*(L(S))-semifree. Then we obtain 
the quasi-isomorphism D3 ^ k ®c*l{b) C. □ 



7 Sullivan models mod p 

We want to use our Theorem A for practical computations. Like in Rational 
Homotopy, we need two steps. First, we replace A{f) : A{B) — >■ A{E) by a 
morphism between Sullivan models. Second, we construct a factorization of 
this morphism between Sullivan models. 

Contrary to the rational case [12, Proposition 14.6], modulo p, there is in 
general, no lifting lemma. Nevertheless, we have the following: 

Corollary 7.1 • Let A{f) : A{B) A{E) be a morphism of commutative 
cochain algebras as in Proposition 6.4. Let AY be a Sullivan model of A{B) , 
AX a Sullivan model of A(E) . Then there is an acyclic commutative cochain 
algebra U and a commutative diagram of commutative cochain algebras 

AY AiB) 




Aif) 



AX ' ~ AX^U A{E) 
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• Let AY ^ C ^ KX be a factorization of ^' : Ay — ^ AX such that C is a 

AY -semifree module. Then the algebra H* (F) is isomorphic to H* (k ^Ay C) ■ 
(This isomorphism identifies in homology C*(po) : C*{E) — > C*{F) and the 
quotient map C -»-k. (g)Ay C .) 

Proof Since A{E) is concentrated in degrees > r + 1 and H^^''+^^p{E) = 0, 
[16, Proposition 7.7 and Remark 7.8] gives the first part of this Corollary. For 
the second part, using Proposition 6.4, Property 6.1 twice and finally Prop- 
erty 6.2, we obtain the sequence of isomorphisms of graded algebras: 

H*{F) ^ Tor^(^)(yl(£;), k) ^ Tor^^(AX ® U, k) 

^ Tor^^ (AX, k) ^ H* (k 0ay C) . □ 

As in the rational case, we can take a factorization of ^ with relative Sullivan 
models. But mod p, since the p*^ power of an element of even degree is always 
a cycle, our relative Sullivan model will have infinitely many generators. We'd 
rather use a free divided powers algebra TV where for v G Veven , = 0. But 
now arises the problem of constructing morphisms of commutative algebras 
from a free divided power algebra to any commutative algebra where the p^^ 
powers are not zero. We give now an effective construction of a factorization 
of ^' with divided powers algebras. Over Q, this factorization will be just a 
factorization of ^ through a minimal relative Sullivan model. 

Let A he a commutative graded algebra, V and W two graded vector spaces. A 
T -derivation in A<^TW is a derivation D such that D^^(w) = D(w)^^^^{'w) , 
k > 1, w & l^eiien ^ ^^^y jjj^gg^j. ^g^p y ]^ ^ /^y YW of degree k extends 

to a unique F -derivation over AV (g) FW . 

Lemma 7.2 Let \I/ : (AY, d) (AAT, d) be a morphism of commutative 
cochain algebras between two minimal Sullivan models such that X and Y 
are concentrated in degree > 2 . Then there is an explicit factorization of ^ : 

{AY, d) >^ {AY ® Acokenp ® Tskerip, D) ^ (AX, d) 

p 

where 

• ip is the composite Y AY ^ AX X and D is a F -derivation, 

• i is an inclusion of augmented commutative cochain algebras such that 

{AY ® Acokcrf ^Tskerf, D) is {AY, d) -semifree, and 

• p is a surjective quasi-isomorphism of commutative cochain algebras van- 
ishing on Fskerip . 
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Proof We will define 

p := limpn- 

We proceed by induction on n G N* to construct each Pn ■ Suppose we have 
constructed the factorization: 

(A(y^"),d) w (A(y^'*)0A(coker^^")®rs(ker(^^"),L>) ^ (A(X^'^),d) 

Pn 

We define now Pn+i extending * and p„ . 

Let w G cokcr^j"'"'"^ . Define Pn+i in cokerc^""*"^ so that pn+i{w) £ X""'"^ rep- 
resents w. Then dpn+i{w) is a cycle of AX-"'. Since p„ is a surjective quasi- 
isomorphism, there is a cycle z G A(y-") ® A(coker(^-") ® rs(ker(^-") such 
that Pn('2^) = dPn+ii'w)- Define Dw = z. 

Let V e ker(^"+i. Since Pn+i : A(y^"+i coker(^^"+i) ^ A(X^"+i) is a 
surjective morphism of graded algebras, there is n G A-^(y-"'©coker(^-"') such 
that Pn+i{v + u) =0. Since D{v + u) is a cycle of A(y-") (g) A(coker99-"') (g) 
rs(ker99-") and p„ is a surjective quasi-isomorphism, there is a G A{Y-^) 
A(coker<^-") (g) rs(ker(/j-") such that Pn(a) = and Da = D{v + u). Define 
Dsv = V + u — a. 

Now we have the commutative diagram of commutative cochain algebras: 
A(y^") (8) A(coker^^") ® rs(ker^^'^), D ^ A(X^"), d 



A(y<"+i) ® A(coker(^^"+i) ®rs(ker(^^"+i),Z) A(X^"+i),d 



A(y"+i)0A(coker^'^+i)®rs(ker(^"+i),L> » A(X"+i),0 

Since pn and Pn+i are quasi-isomorphisms, by comparison of the i5^2-term of 
the algebraic Serre spectral sequence associated to each column, Pn+i is a quasi- 
isomorphism. □ 

Example 7.3 Let f : S'^ ^ CP" be the inclusion of CW-complexes with 
n > 2. Applying Corollary 7.1, ^ is {A{x2,y2n+i),d) (A(x2, -Zs), c^) with 
dy2n+i = 2^2^^ and dz^ = x\. Thus ^'y2n+i = z^x^^^ ■ By Lemma 7.2, ^ 
factors through the commutative cochain algebra (A(x2, y2n+i, Z3)0Tsy2n+i, D) 
with Dz3 = x\ and Dsy2n+i = 2/2n+i - ^3X2'^. So H*{F) ^ Aza (g rsy2n+i 
for p>2n. 
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8 Proof of Theorem B 

The key to the proof of Theorem A is to apply Anick's Theorem [2, 5.6]. One of 
the goals of Anick for developing this theorem was to prove a result suggested 
by McGibbon and Wilkerson [21, p. 699]: "If X is a finite simply-connected 
CW-complex then for large primes, p^^ powers vanish in H*{QX;¥p) ." An- 
ick [2, 9.1] proved precisely that "If X is (r, p)-mild then p*'' powers vanish in 
H*{QX; ¥p) ." . After Anick, Halperin proved in [16, Theorem 8.3 and Poincare- 
BirkofF-Witt Theorem] that in fact: 

Corollary 8.1 [16] If X is {r,p)-mild then the algebra H*{i^X) is isomor- 
phic to TsV where AV is a minimal Sullivan model of A{X) . 

Proof Apply Corollary 7.1 to * — > X. Consider the factorization of (AV, d) 
(k,0), 

{AV, d) ^ {AV ® TsV, D)^k 

given by Lemma 7.2. See that the cofiber (k, 0) 0(Av,d) ^ FsV, D) has a 
null differential [16, 2.6]. ' □ 

Actually, we can show now that Anick's result on p*^ powers and Halperin's 
result on a divided powers algebra structure remain valid if we consider the fiber 
of any fibration in the Anick range instead of just the loop fibration. But before 
we need some definitions concerning divided powers algebras with differential. 

A differential divided powers algebra or T -algebra is a commutative cochain 
algebra A equipped with a system {'~i^)k& of divided powers [6, page 124] such 
that d'j^{a) = d(a) 7^"^(a) . Let A, B be two F-algebras. A T-morphism 
f : A ^ B is a morphism of augmented commutative cochain algebras such 
that /7'=(a)=7'=/(a). 

A T-free extension is an inclusion of augmented commutative cochain algebras: 
{A,d) ^ {A^TV,D) such that V = ©fceN^(fc), D : V{k) A(S)TV{< k),ke 
N and D is a F-derivation. In particular, if ^ is a F-algebra, than a F-free 
extension {A, c?) h-> (g) FV, D) is a F-morphism. 

A commutative cochain algebra (respectively F-algebra) A is admissible (re- 
spectively T -admissible) if there is a surjectivc morphism of commutative co- 
chain algebras (respectively F-morphism) C ^ A with C acyclic. 

Property 8.2 [14, II. 2. 6] Let f : A ^ B he a morphism of commutative 
cochain algebras (respectively a T-morphism). If f is surjective and A is 
admissible (respectively T -admissible) then so is B . 
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Proposition 8.3 [14, II.2.7] 

(i) If f : A ^ B is a morphism of commutative cochain algebras with 
B admissible then we have the commutative diagram of commutative 
cochain algebras 



where A ^ AiS) AV is a relative Sullivan model and A ^—^ AiS> is a 
T-frcc extension. 

(ii) In particular, if B is any admissible commutative cochain algebra, there 
are quasi-isomorphisms of commutative cochain algebras 

TV' ^ KV ^ B 

where W is a V -algebra. 
The essential role of F -admissible algebras is that 

Property 8.4 [3, 1.3] If A is a V-admissible algebra then H{A) is a divided 
powers algebra (not true if A was only a T -algebra!). 

Lemma 8.5 Let A be a commutative cochain algebra. Assume that for some 
r >1, A satisfies A = k® {^*}i>r • 

(i) If W{A) =0, i > rp, then A is admissible. 

(ii) If A is a F -algebra and H'''{A) = 0,i> rp+p — 1, then A is T -admissible. 

Proof (i) This lemma is just a slight improvement from [16, Lemma 7.6] and 
the proof is the same. 

(ii) After replacing free commutative algebras by free divided powers algebras, 
the proof is the same as in (i) . □ 

Lemma 8.6 Let A and M be two commutative cochain algebras concentrated 
in degrees > r + 1 . Consider a morphism of algebras A ^ M . If H-^p~^p(A) = 
H^^P+P-^{M) = then Tor^{M,k) is a divided powers algebra. 



A 



B 




A® TV' 



A0AV 
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Proof By Lemma 8.5 (i), A and M are admissible. By Proposition 8.3 (ii), 
there are quasi-isomorphisms of commutative cochain algebras 

FX' ^ AX ^ A 

where X and X' are concentrated in degrees > r + 1. By Proposition 8.3 (i), 
we get the commutative diagram of commutative cochain algebras 

A M 



AX AX ® Ay 




AX FY' 

where Y and Y' are concentrated in degrees > r . Since AX ^ AX (g) FY' is a 
P-free extension, AX (8i FY' is AX-semifree. Therefore, by push-out, we have 
the commutative diagram of commutative cochain algebras 

AX AX (g) FY' 



FX' px' (8) py' 

where AX (g) Py' PX' (g) Py' is a quasi-isomorphism [11, 2.3(i)]. Since 
push-outs preserve P-free extension, PX' >^ PX' (g Py' is a P-free extension. 
So PX'(8)Py' is PX'-scmifrcc, and by Property 6.1, the cohomology algebra of 
the cofiber Py' is Tor^(M,Ik). Now since PX' is a P-algebra, so is FX'(g>FY'. 
Since PX' (g) Py' is concentrated in degrees > r and its cohomology is null 
in degrees > rp + p — 1 , hy Lemma 8.5(ii), PX' (g Py' is P-admissiblc. Since 
PX'(giPy' -» h^jpx'i^^'^^Y') = FY' is a surjective P-morphism, by Property 
8.2, py' is a P-admissible. So by Property 8.4, H{FY') is a divided powers 
algebra. □ 

Theorem 8.7 Let p be an odd prime and let f : E -» B be a Rbration of 
Gber F such that E and B are both {r,p)-mild with Hrp{f) injective. Then 

the cohomology algebra H*{F;¥p) is a (not necessarily free!) divided powers 
algebra. In particular, p*'' powers vanish in the reduced cohomology H*{F; ¥p) . 

Proof By Theorem A, H*{F;k) ^ Tor^(^)(A(£;), k) . Since A{B) and A{E) 
are concentrated in degrees > r + 1 and their cohomology is null in degrees 
> rp, by Lemma 8.6, Tor^(^)(^(£;),k) is a divided powers algebra. □ 
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